Abstract. Let O be the ring of integers of a number field K. For an O-algebra R which is torsion free as an O-module we define what we mean by a Λ O -ring structure on R. We can determine whether a finiteétale K-algebra E with Λ O -ring structure has an integral model in terms of a Deligne-Ribet monoid of K. This a commutative monoid whose invertible elements form a ray class group.
Introduction
Let O be a Dedekind domain with quotient field K. Denote the set of maximal ideals of O by M. We assume that kÔpÕ Oßp is a finite field for each p È M.
Let E be a torsion-free commutative O-algebra. Then for each p È M the algebra EßpE E O kÔpÕ over kÔpÕ has a natural kÔpÕ-algebra endomorphism F p : x x #kÔpÕ , which is called the Frobenius endomorphism. By a Frobenius lift of E at p we mean an O-algebra endomorphism ψ p such that ψ p kÔpÕ F p . We define a Λ O -structure on E to be a map M End O-alg ÔEÕ, denoted p ψ p , such that (1) ψ p is a Frobenius lift at p for each p È M.
(2) ψ p ψ q ψ q ψ p for all p, q È M.
By a Λ O -ring we mean a torsion-free O-algebra with Λ O -structure.
If O is local then the commutation condition (2) is vacuous. For all p È M for which E kÔpÕ 0 the lifting condition (1) is vacuous. In particular, if E is an algebra over K, then any commuting collection of K-automorphisms of E indexed by the maximal ideals of O is a Λ O -structure on E. A Λ Z -structure on a ring without Z-torsion is the same as a λ-ring structure [2] . For instance, for any abelian group A we have a natural Λ Z -stucture on the group ring ZÖA× given by ψ p ÔaÕ a p for a È A and p a prime number.
If O is the ring of integers of a number field K, and E is the ring of integers of a subfield L of the strict Hilbert class field of K, then E has a unique Λ O -structure: ψ p is the Artin symbol of p in the field extension K L.
This preprint is a preliminary version dating from 2006. We are making it available in this form because some people would like to cite it now. The final version should be available before long.
In an earlier paper [1] , we showed that a Λ Z -ring that is reduced and finite flat over Z is a Λ Z -subring of ZÖC× n for some finite cyclic group C and positive integer n. The proof uses the explicit description of ray class fields over Q as cyclotomic fields. Over a number field class field theory is less explicit, and the generalizations we present in the present paper are by consequence less explicit. However, we can still give a very similar criterion for a Λ O -structure on a finiteétale K-algebra E to come from an Λ O -subring which is finite flat as an O-module see
Let IÔOÕ be the monoid of non-zero ideals of O, with ideal multiplication as the monoid operation. It is the free commutative monoid on M.
Let K sep be a separable closure of K, and let G K be the Galois group of K sep over K. It is a profite group. By a G K -set X we mean a finite discrete set with a continuous G K -action. By Grothendieck's formulation of Galois theory, a finiteétale K-algebra E is determined by the G K -set S consisting of all K-algebra homomorphisms E K sep . Giving a Λ O -structure on E then translates to giving a monoid map IÔOÕ Map G K ÔS, SÕ. By giving IÔOÕ the discrete topology, we see that the category of Λ O -rings whose underlying O-algebra is a finité etale K-algebra, is anti-equivalent to the category of finite discrete sets with a continuous action of the monoid IÔOÕ ¢ G K .
Let us first suppose that O is complete discrete valuation ring with maximal ideal p. Then IÔOÕ is isomorphic as a monoid to the monoid of non-negative integers with addition. Let I K G K be the inertia subgroup. Then I K is normal in G K and G K ßI K is the absolute Galois group of kÔpÕ, which contains the Frobenius element F È G K ßI K given by x x #kÔpÕ . Thus, F acts on any G K -set on which I K acts trivially.
Theorem 1.1. Suppose O is complete discrete valuation ring with maximal ideal p. Let E be a finiteétale K-algebra with Λ O -structure, and let S be the set of K-algebra maps from E to K sep . Then K has an integral Λ O -model if and only if the action of IÔOÕ ¢ G K on S satisfies the two conditions (1) the group I K acts trivially on S unr ã aÈIÔOÕ aS;
(2) p È IÔOÕ and F È G K ßI K act in the same way on S unr .
See Section 2 for the proof. Next, let us assume that O is the ring of integers in a number field. In order to phrase our global result we first recall the definition of the Deligne-Ribet monoid. A cycle of K is a formal product f p p np , where the product ranges over all primes of K, both finite and infinite, all n p are non-negative integers, only finitely many of which are nonzero, and we have n p È Ø0, 1Ù for real primes p, and n p 0 for complex primes p. The finite part of f is f fin p p np , which can be viewed as an element of IÔOÕ. We write ord p ÔfÕ n p .
For a cycle f we say that two non-zero O-ideals a and b are fequivalent if xa b for some x È K ¦ with x 0 at all real places p with ord p ÔfÕ 0, and ord p Ôx ¡ 1Õ ord p ÔaÕ ord p ÔfÕ at all finite places p. One can check that this is an equivalence relation, and that the multiplication of ideals is well-defined on the quotient set. Thus, the quotient set is a monoid, the Deligne-Ribet-monoid, and we denote it by DRÔfÕ.
It is not hard to see that the ray class group ClÔfÕ is the group of invertible elements of DRÔfÕ. Also, DRÔ1Õ is a group: it is the class group of O. More generally, for each ideal d dividing f fin we can consider the map i d : ClÔfßdÕ
DRÔfÕ that sends the class of an ideal a to the class of a ¤ d. These maps give rise to a bijection
Suppose O is the ring of integers of a number field K. Let E be a finiteétale K-algebra with Λ O -structure, and let S be the set of K-algebra maps from E to K sep . Then K has an integral Λ O -model if and only if there is a cycle f of K so that the action of G K sep ¢ IÔOÕ on S factors (necessarily uniquely) through the map
which is the product of the Artin symbol G K ClÔfÕ DRÔfÕ on the first coordinate, and the quotient map IÔOÕ DRÔfÕ on the second.
It follows that the category of such Λ-rings is anti-equivalent to the category of finite discrete sets with a continuous action by the profinite monoid lim DRÔfÕ, where the limit is taken over all cycles f with respect to the canonical maps DRÔfÕ DRÔf ½ Õ when f ½ f. When K Q this limit is the multiplicative monoid of profinite integers.
The local case
Suppose that O is a complete discrete valuation ring with maximal ideal p. We write k kÔpÕ. Let A be a reduced finite flat O-algebra.
Let us suppose first that A is unramified over O, i.e., that k O A isétale over k. Then k O A is a product of finite fields. Since A is complete in its p-adic topology, idempotents of AßpA lift to A, so that A is a finite product of rings of integers in finite unramified extensions of K. Write
Then the inertia group I K G K acts trivially on S. Every finite unramified field extension L of K is Galois with an abelian Galois group, and its rings of integers has a unique Frobenius lift, which is othen called the Frobenius element of the Galois group of L over K. It follows that when A is unramified over O, it has a unique Λ O -structure. This is summarized in the next Proposition.
Proposition 2.1. Suppose that O is a complete discrete valuation ring, and that A is an unramified finite flat reduced O-algebra. Then A has a unique Λ O -structure, and the induced action of
Õ has the property that the intertia group I K acts trivially and that p È I K ÔOÕ acts in the same way on S as
Proof of Theorem 1.1. Put S 0 S unr and for i 1, 2, . . . 1 let S i be the set of all s È S with s Ê S i¡1 and ps È S i¡1 . Suppose that S n ∅, and
Õ be the corresponding finiteétale K-algebra for each i. Then multiplication by p gives rise to K-algebra homomorphisms f i : E i¡1 E i for i 1, 2, . . ., and f 0 : E 0 E 0 .
and we have a corresponding product decomposition of the finiteétale
In terms of this decomposition ψ p is given by ψ p Ôe 0 , e 1 , . . . , e n Õ Ôf 0 Ôe 0 Õ, f 1 Ôe 0 Õ, . . . , f n¡1 Ôe n¡1 ÕÕ.
Since S 0 is closed under multiplication by p, the quotient ring E 0 of E is a quotient Λ O -ring of E, with Frobenius lift f 0 at p. We will show that the Λ O -ring surjection E E 0 splits. Note that now p k S S 0 for sufficiently large k, so p act as a bijection on S 0 . Thus, f 0 is an automorphism of E 0 . For s È S i we have p i s È S 0 and p acts invertibly on S 0 , so we can define a map S S 0 by sending s È S i to p ¡i Ôp i sÕ. This map commutes with the IÔOÕ ¢ G K -action, and it splits the inclusion S 0 S. Thus, E 0 is not only a quotient Λ O -ring of E, but also a sub-Λ O -ring:
Now suppose that the Λ O -ring E has an integral model, i.e., that E has an O-sub algebra A which statisfies (1) A is finite flat over O;
(3) ψ p O k is the Frobenius x x #k on A k. The image A 0 of A in the quotient ring E 0 of E is a sub-Λ O -ring of E 0 which is reduced and finitely generated as an O-module and O-torsion free. Thus, E 0 has an integral Λ O -model. Since f 0 is an automorphism of E 0 the rings A 0 and its subring f ÔA 0 Õ have the same discriminant.
Thus, f 0 ÔA 0 Õ A 0 and f 0 is an automorphism of A 0 . This implies that the map x x #k on A 0 O k is an automorphism, so that A 0 is unramified over O. Conditions (1) and (2) of Theorem 1.1 now follow by Proposition 2.1.
For the converse, suppose that conditions (1) and (2) hold. We will produce an integral Λ O -model of E E 0 ¢ ¤ ¤ ¤ ¢ E n . Let R i be the inegral closure of O in E i . Since I K acts trivially on S 0 the ring R 0 has a unique Λ O -structure by Proposition 2.1. Now suyppose that
The integral model that is supplied by the proof is not always optimal. For instance, for the Λ Z -ring ZÖC 4 × we get a strict subring. However for the Λ Z -ring ZÖV 4 × the proof provides a Λ Z -subring of QÖV 4 × which is strictly larger than ZÖV 4 ×.
Global arguments
Now assume that K is a global field with ring of integers O. Let E be a finiteétale K-algebra with a Λ O -sturcture. Writing S
For each maximal ideal p of O we consider the completion O p , and its quotient field K p . Then we obtain an Λ Op -structure on the finité
for each p we can view G p as a subgroup of G K . The finiteétale K p -algebra E p then corresponds to the G p -set that one gets by restricting the action of G K on S to G p .
Let us assume that an integral Λ O -model A of E exists. LetḠ be the image of G K in MapÔS, SÕ. Chebotarev's theorem now implies the following: for each g ÈḠ there is a maximal ideal p p g of O so that (1) the image of I p is trivial inḠ; (2) the image of F p È G p ßI p inḠ is g; (3) A is unramified at p. By Proposition 2.1, the action of g on S is the same as the action of p g on S. Since the p g commute with eachother, it follows thatḠ is abelian.
It remains top show that the IÔOÕ ¢G K -action on S factors through the Deligne-Ribet monoid of some cycle f.
By class field theory, any continuous action of G K on a finite discrete set T , whose image is abelian, factors, by the Artin map, through the ray class group ClÔcÔT ÕÕ for a minimal cycle cÔT Õ of K, which we call the conductor of T . for all maximal ideals p of O. This is well defined because pS S whenever p is unramified in A by Proposition unramified.
We now define the cycle f by
Note first that cÔSÕ f, so the G K -action on S factors through the Artin map G K ClÔfÕ.
Next, we claim that for a È IÔOÕ coprime to f the action of a on S is equal that of its class Öa× in ClÔfÕ. It suffices to prove this for a p prime. Then one notes that r f so p ∤ r so p acts as a bijection on S.
By our local result, A is unramified at p and p acts as 
